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Position and Displacement
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The position of an object is 
described by its position vector, 𝑟 , 
with respect to a chosen reference 
point (the origin).

𝑟 = 𝑥𝚤̂ + 𝑦𝚥̂

The displacement of the object is the 
change in its position.

∆𝑟 = 𝑟௙ − 𝑟௜

∆𝑟 = 𝑥௙ − 𝑥௜ 𝚤̂ + 𝑦௙ − 𝑦௜ 𝚥̂

x

y

𝒓𝒊

∆𝒓

𝒓𝒇

ti

A

tf

B

Mustafa Al-Zyout - Philadelphia University

𝑥௜, 𝑦௜

𝑥௙, 𝑦௙

Average Velocity:

𝑣⃗௔௩௚ =
∆௥⃗

∆௧

Instantaneous Velocity:

𝑣⃗ =
ௗ௥⃗

ௗ௧

∆𝑡

Average Acceleration:

𝑎⃗௔௩௚ =
∆𝑣⃗

∆𝑡 𝑑𝑡

Instantaneous Acceleration:

𝑎⃗ =
𝑑𝑣

𝑑𝑡

Velocity and Acceleration
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Kinematic Equations for 2-D Motion
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These equations will be similar to those of one-dimensional kinematics.

Motion in two dimensions can be modeled as two independent motions in each of 

the two perpendicular directions associated with the x and y axes.

 Any influence in the y direction does not affect the motion in the x direction.

Mustafa Al-Zyout - Philadelphia University

Since acceleration is constant, we can also find an expression for the 
velocity as a function of time:

𝑣⃗௙ = 𝑣⃗௜ + 𝑎⃗𝑡

The position vector can also be expressed as a function of time:

𝑟௙ = 𝑟௜ + 𝑣⃗௜𝑡 +
1

2
𝑎⃗𝑡ଶ
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Kinematic Equations
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Kinematic Equations: 2-D
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∆𝑟 =
1

2
𝑣⃗௜ + 𝑣⃗௙ 𝑡

∆𝑟 = 𝑣⃗௙𝑡 −
1

2
𝑎⃗𝑡ଶ

∆𝑟 = 𝑣⃗௜𝑡 +
1

2
𝑎⃗𝑡ଶ

𝑎⃗: acceleration (m/s2)

𝑣⃗௜ : initial velocity (m/s)

𝑣⃗୤ : final velocity (m/s)

𝑣⃗௙ = 𝑣⃗௜ + 𝑎⃗𝑡

Equations Missing

∆𝑟 : displacement (m)
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Kinematic Equations: Horizontal components
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∆𝑥 =
1

2
𝑣௜୶ + 𝑣௙୶ 𝑡

∆𝑥 = 𝑣௙୶𝑡 −
1

2
𝑎௫𝑡

ଶ

∆𝑥 = 𝑣௜୶𝑡 +
1

2
𝑎௫𝑡

ଶ

𝑎௫: acceleration (m/s2)

𝑣௜୶ : initial velocity (m/s)

𝑣୤୶ : final velocity (m/s)

𝑣௙୶
ଶ = 𝑣௜୶

ଶ + 2𝑎௫∆𝑥

𝑣௙୶ = 𝑣௜୶ + 𝑎௫𝑡

Equations Missing

∆𝑥 : displacement (m)

𝑡 : time (s)
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Kinematic Equations: Vertical components
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∆y =
1

2
𝑣௜୷ + 𝑣௙୷ 𝑡

∆y = 𝑣௙୷𝑡 −
1

2
𝑎௬𝑡

ଶ

∆y = 𝑣௜୷𝑡 +
1

2
𝑎௬𝑡

ଶ

𝑎௬: acceleration (m/s2)

𝑣௜୷ : initial velocity (m/s)

𝑣୤୷ : final velocity (m/s)

𝑣௙୷
ଶ = 𝑣௜୷

ଶ + 2𝑎௬∆y

𝑣௙୷ = 𝑣௜୷ + 𝑎௬𝑡

Equations Missing

∆y : displacement (m)

𝑡 : time (s)
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A motorist drives south at 20 𝑚 𝑠⁄ for 3𝑚𝑖𝑛., then turns west and travels at  25 𝑚 𝑠⁄ for 2𝑚𝑖𝑛., and finally travels 
northwest at 30 𝑚 𝑠⁄ for 1𝑚𝑖𝑛.. For this  6𝑚𝑖𝑛. trip, find:

the total vector displacement,○

the average speed○

the average velocity.○
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Average velocity
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A car is traveling east at (60 km/h), it rounds a curve and after (5 s), it is traveling north at the 
same speed. Find the average acceleration of the car.
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Average acceleration
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A rabbit runs across a parking lot on which a set of coordinate axes has, strangely enough, been drawn. The coordinates 
(meters) of the rabbit�s position as functions of time t (seconds) are given by

                     𝑥 = −0.31𝑡ଶ + 7.2𝑡 + 28

                               𝑦 = 0.22𝑡ଶ − 9.1𝑡 + 30.

(a)At 𝑡 = 15s, what is the rabbit�s position vector 𝑟, in unit vector notation and in magnitude-angle notation?

(b) find the velocity  𝑣⃗ at time 𝑡 = 15𝑠.

(c) find the acceleration 𝑎⃗ at  time 𝑡 = 15 s.  

SOLUTION

At 𝑡 = 15 s, the scalar components are

𝑥 = (−0.31)(15)ଶ + (7.2)(15) + 28 = 66𝑚

And

𝑦 = (0.22)(15)ଶ − (9.1)(15) + 30 = −57𝑚,

So:

𝑟 = (66𝑚)𝚤̂ − (57𝑚)𝚥̂,

To get the magnitude and angle of 𝑟, we use:

𝑟 = ඥ𝑥ଶ + 𝑦ଶ
⎯⎯⎯⎯⎯⎯⎯ 

= ඥ(66𝑚)ଶ + (−57𝑚)ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 

    = 87𝑚,

And

𝜃 = 𝑡𝑎𝑛ିଵ
𝑦

𝑥
⎯⎯= 𝑡𝑎𝑛ିଵ ቆ

−57𝑚

66𝑚
⎯⎯⎯⎯⎯⎯ቇ = −41°.

Although 𝜃=139° has the same tangent as −41°, the components of position vector 𝑟 indicate that the desired  angle is 
139° − 180° = −41°.

SOLUTION

𝑣௫ =
𝑑𝑥

𝑑𝑡
⎯⎯⎯=

𝑑

𝑑𝑡
⎯⎯ (−0.31𝑡ଶ + 7.2𝑡 + 28)

       = −0.62𝑡 + 7.2.

At 𝑡 = 15 s, this give 𝑣௫ = −2.1m/s.. Similarly, applying the 𝑣௬ part, we find

Position, velocity and acceleration
Saturday, 30 January, 2021 12:23
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𝑣௬ =
𝑑𝑦

𝑑𝑡
⎯⎯⎯=

𝑑

𝑑𝑡
⎯⎯ (0.22𝑡ଶ − 9.1𝑡 + 30)

       = 0.44𝑡 − 9.1.

At 𝑡 = 15𝑠, this gives

𝑣௬ = −2.5𝑚/𝑠.

𝑣⃗ = (−2.1𝑚/𝑠)𝚤̂ + (−2.5𝑚/𝑠)𝚥̂,

To get the magnitude and angle 

𝑣 = ට𝑣௫
ଶ + 𝑣௬

ଶ
⎯⎯⎯⎯⎯⎯⎯

 
= ඥ(−2.1𝑚/𝑠)ଶ + (−2.5𝑚/𝑠)ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
= 3.3𝑚/𝑠

𝜃 = 𝑡𝑎𝑛ିଵ
𝑣௬

𝑣௫
⎯⎯ = 𝑡𝑎𝑛ିଵ ቆ

−2.5𝑚/𝑠

−2.1𝑚/𝑠
⎯⎯⎯⎯⎯⎯⎯⎯ቇ

    = 𝑡𝑎𝑛ିଵ 1 . 19 = −130°.

SOLUTION

the x component of 𝑎⃗ to be

𝑎௫ =
𝑑𝑣௫

𝑑𝑡
⎯⎯⎯ =

𝑑

𝑑𝑡
⎯⎯ (−0.62𝑡 + 7.2) = −0.62𝑚/𝑠ଶ.

the y component as

𝑎௬ =
𝑑𝑣௬

𝑑𝑡
⎯⎯⎯ =

𝑑

𝑑𝑡
⎯⎯ (0.44𝑡 − 9.1) = 0.44𝑚/𝑠ଶ.

We see that the acceleration does not vary with time

𝑎⃗ = (−0.62𝑚/𝑠ଶ)𝚤̂ + (0.44𝑚/𝑠ଶ)𝚥̂,

For the magnitude we have

𝑎 = ට𝑎௫
ଶ + 𝑎௬

ଶ
⎯⎯⎯⎯⎯⎯⎯

 
= ඥ(−0.62𝑚/𝑠ଶ)ଶ + (0.44𝑚/𝑠ଶ)ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
= 0.76𝑚/𝑠ଶ.

For the angle we have

𝜃 = 𝑡𝑎𝑛ିଵ
𝑎௬

𝑎௫
⎯⎯⎯= 𝑡𝑎𝑛ିଵ ቆ

0.44𝑚/𝑠ଶ

−0.62𝑚/𝑠ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ = −35°.

However, this angle, which is the one displayed on a calculator, indicates that 𝑎⃗ is directed to the right and 
downward.Yet, we know from the components that 𝑎⃗ must be directed to the left and upward. To find the other angle 
that has the same tangent as -35° but is not displayed on a calculator, we add 180°:

−35° + 180° = 145°.
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A particle moves in the xy plane, starting from the origin at 𝑡 = 0 with an initial velocity having an x 
component of 20 𝑚/𝑠 and a y component of −15 𝑚/𝑠. The particle experiences an acceleration in the x 
direction, given by 𝑎௫ = 4 𝑚/𝑠ଶ.

(A) Determine the total velocity vector at any time.

(B) Calculate the velocity and speed of the particle at 𝑡 = 5 s and the angle the velocity vector makes with 
the x axis.

(C) Determine the x and y coordinates of the particle at any time (t) and its position vector at this time.

SOLUTION

We set 𝑣௫௜ = 20𝑚/𝑠,  𝑣௬௜ = −15𝑚/𝑠,   𝑎௫ = 4.0𝑚/𝑠ଶ,  and 𝑎௬ = 0.

the velocity vector:

𝑣⃗௙ = 𝑣⃗௜ + 𝑎⃗௧ = (𝑣௫௜ + 𝑎௫𝑡)𝚤̂ + (𝑣௬௜ + 𝑎௬𝑡)𝚥̂    

Substitute numerical values with the velocity in (m/s) and the time in seconds:

𝑣⃗௙ = [20 + (4.0)𝑡]𝚤̂ + [−15 + (0)𝑡]𝚥̂ = [(20 + 4.0𝑡)𝚤̂ − 15𝚥̂]

Notice that the x component of velocity increases in time while the y component remains constant;

SOLUTION

At 𝑡 = 5.0𝑠:

𝑣⃗௙ = [(20 + 4.0(5.0))𝚤̂ − 15𝚥̂] = (40𝚤̂ − 15𝚥̂)𝑚/𝑠

Determine the angle 𝜃 that  𝑣⃗௙ makes with the x axis at 𝑡 = 5.0𝑠:

𝜃 = 𝑡𝑎𝑛ିଵ ቆ
𝑣௬௙

𝑣௫௙
⎯⎯⎯ቇ = 𝑡𝑎𝑛ିଵ ቆ

−15𝑚/𝑠

40𝑚/𝑠
⎯⎯⎯⎯⎯⎯⎯⎯ቇ = −21°

Evaluate the speed of the particle as the magnitude of 𝑣⃗௙ :

𝑣௙ = ห𝑣⃗௙ห = ට𝑣௫௙
ଶ +௬௙

ଶ
⎯⎯⎯⎯⎯⎯⎯

 
= ඥ(40)ଶ + (−15)ଶ𝑚/𝑠

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ 
= 43𝑚/𝑠

The negative sign for the angle 𝜃 indicates that the velocity vector is directed at an angle of 21° below the 
positive x axis.

Uniform acceleration
Saturday, 30 January, 2021 12:24
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SOLUTION

With 𝑥௜ = 𝑦௜ = 0 at 𝑡 = 0

Express the position vector of the particle at any time t:

𝑥௙ = 𝑣௫௜𝑡 +
1

2
⎯⎯𝑎௫𝑡ଶ = 20𝑡 + 2.0𝑡ଶ

𝑦௙ = 𝑣௬௜𝑡 = −15𝑡

⇒  𝑟௙ = 𝑥௙𝚤̂ + 𝑦௙𝚥̂ = (20𝑡 + 2.0𝑡ଶ)𝚤̂ − (15𝑡)𝚥̂
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